Asian options belong to the so-called path-dependent derivatives. They are among the most difficult to price and hedge both analytically and numerically. Basket options are even harder to price and hedge because of the large number of state variables. Several approaches have been proposed in the literature, including Monte Carlo simulations, tree-based methods, partial differential equations, and analytical approximations among others. The last category is the most appealing because most of the other methods are very complex and slow. Our method belongs to the analytical approximation class. It is based on the observation that though the weighted average of lognormal variables is no longer lognormal, it can be approximated by a lognormal random variable if the first two moments match the true first two moments. To have a better approximation, we consider the Taylor expansion of the ratio of the characteristic function of the average to that of the approximating lognormal random variable around zero volatility. We include terms up to σ 6 in the expansion. The resulting option formulas are in closed form. We treat discrete Asian option as a special case of basket options. Formulas for continuous Asian options are obtained from their discrete counterpart. Numerical tests indicate that the formulas are very accurate. Comparisons with all other leading analytical approximations show that our method has performed the best overall in terms of accuracy for both short and long maturity options. Furthermore, unlike some other methods, our approximation treats basket (portfolio) and Asian options in a unified way. Lastly, in the appendix we point out a serious mathematical error of a popular method of pricing Asian options in the literature.
Introduction
Asian options belong to the so-called path-dependent derivatives. They are among the most difficult to price and hedge both analytically and numerically. Several approaches have been proposed in the literature. Since Boyle (1977) introduces it to the finance literature for option pricing, Monte Carlo simulation has been used by many authors. Kemna and Vorst (1990) use Monte Carlo simulation to price and hedge Asian options. For more recent development in simulation methods, see Broadie and Glasserman (1996) and Boyle, Broadie and Glasserman (1997) . Although Monte Carlo simulation is a very flexible method for pricing path-dependent European options, it is very time-consuming.
By making a change of variables, Ingersoll (1987) and Wilmott, Dewynne, and Howison (1993) reduce the two-dimensional partial differential equation (PDE) satisfied by the price of a floating strike Asian option into a one-dimensional one. Rogers and Shi (1995) succeed doing the same for the fixed strike counterpart. This is a tremendous reduction of complexity in terms of computation. But the resulting PDE still requires numerical solutions. Based on the reduced one dimensional PDE, Zhang (2000) first derives an approximate formula for the Asian options. He then obtains the PDE for the difference between the true price and his approximate formula. He solves the PDE numerically. Zhang indicates that his analytical approximation coupled with his PDE achieves accuracy of the order of 10
for a wide range of parameters. Besides deriving a one dimensional PDE, Rogers and Shi (1995) also derive bounds of the Asian option prices. Recently, Thompson (1999) has improved upon their bounds. However, to obtain the bounds requires two-dimensional integrations. Another very accurate PDE based method is Hoogland and Neumann (2000) . By working with only tradable assets, they obtain a PDE with no drift term. Solving such a PDE numerically is much easier because one does not have to deal with whether the PDE is of hyperbolic type or parabolic type.
Some other numerical methods include Hull and White (1993) , Klassen (2000) , Dewynne and Wilmott (1993) and Carverhill and Clewlow (1990) . Hull and White (1993) and Klassen (2000) extend the binomial tree approach for pricing path-dependent options. They use a vector to hold the average rates at each node of the tree. Dewynne and Wilmott (1993) apply a similar idea to the PDE approach for pricing Asian options. Carverhill and Clewlow (1990) use the convolution method repeatedly to obtain the density function of the average rate in an Asian option. Even though these methods are simple to apply, they are all time-
consuming. An exception is the Fast Fourier transformation method Carr and Madan (1999) when the characteristic function of the return is known analytically.
Our method belongs to the class of analytical approximations. Jarrow and Rudd (1982) seem to be the first to introduce the idea of Edgeworth expansion into the finance literature.
Both Turnbull and Wakeman (1991) and Ritchken, Sankarasubramanian and Vijh (1993) use an Edgeworth series expansion to approximate the density function of the average rate.
They obtain closed form formulas for the Asian options. Levy (1992) uses the lognormal density as a first-order approximation to the true density.
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We demonstrate in section 3 that the lognormal approximation and the Edgeworth expansion method work fine for short maturities. However, for longer maturities these approximations cease to be reliable. Another analytical method is Geman and Yor (1993) . They obtain a semi-analytical formula for the price of an Asian option using the Laplace transformation technique. Their analytical result is quite elegant, but it is a very difficult numerical problem to invert the Laplace transformation, see, for example, Fu, Madan and Wang (1999) . For the latest development of the Laplace transformation approach, see Carr and Schröder (2001) . Milevsky and Posner (1998a) approximate the density of the average rate with a reciprocal gamma distribution by matching the first two moments. Numerical evidences indicate that their approximation and that based on lognormal approximation have about the same level of accuracy, though it appears that the former is slightly more accurate. Milevsky (1998) and Posner (1998b) approximate the density function from the Johnson (1949) family by matching the first four moments. Our test indicates that their four-moment method outperforms all other existing approximations. However, it is not very accurate for long maturities Asian and basket options. Curran (1994) derives a pricing formula for Asian options by conditioning on the geometric mean. However, his formula also seems not to work well for basket options. Dufresne (2000) uses a Laguerre series to approximate Asian option prices, but his method fares poorly for short maturity options.
In light of the drawbacks of the other analytical methods, a reliable and simple analytical approximation is obviously highly desirable. We provide such an approximation in the next section. In section 3 we demonstrate that it is very accurate for a wide range of parameters for fixed strike European Asian and basket options. Our method develops a Taylor expansion around zero volatility. For more expansion methods, see Kunitomo and Takahashi (2001) and Reiner, Davydov and Kumanduri (2001) .
The layout of the remainder of the article is as follows. The details of the analytical approximation are presented in section 2. Section 3 presents comparisons with all other leading analytical methods. It is demonstrated there that among the analytical methods, the present one is by far the most accurate. We conclude in section 4. In the appendix we point out a serious mathematical error in the Edgeworth expansion method in the literature.
Derivation of the Approximation
Even though the average of correlated lognormal random variables is no longer lognormally distributed, Levy (1992) demonstrates that lognormal distribution is a good approximation, especially for small maturities. To have a better approximation, we use Taylor expansion around zero volatilities to approximate the ratio of the characteristic function of the average to that of the approximating lognormal variable. This method is in spirit very similar to the perturbation method widely used in other disciplines, where an intractable problem is solved by approximating the solution around some small parameters. We consider the derivation in detail only for the basket options since Asian options can be treated as a special case in our method. Basket options are challenging because they can not be priced using the usual numerical methods like the partial differential equation (PDE) or the tree approach since the number of state variables may be too large. If the number of assets is small, the tree approach of Boyle, Evnine and Gibbs (1989) can be used.
Approximation for the Basket Options
We consider the following standard N -asset economy under the risk-neutral measure,
where g i = r − δ i , r is the riskless interest rate, δ i the dividend yield, σ i the volatility, w i (t) a standard Wiener process. Let ρ ij denote the correlation coefficients between w i (t) and w j (t).
At first glance it may seem that a method of Taylor expansion around zero volatilities does not apply because the volatility is different for each stock. We can overcome this difficulty by considering a fictitious market where all the individual volatilities are scaled by the same parameter z,
Note that when z = 1, we recover the original processes.
Define
where χ i is the weight on stock i. The terminal payoff of a basket option is then given by (for a basket call)
where K is the strike price.
are easily shown to be
Let Y (z) be a normal random variable with mean m(z with those of A(z) we have
Let X(z) = log(A(z)). We will try to find the density function of X(z). To this end we consider its characteristic function,
where
is the characteristic function of the normal random variable and
is the ratio of the characteristic function of X(z) to that of Y (z).
We expand f (z) around z = 0 up to z 6 .
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First, we expand e
. Note that
).
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Therefore we have
,
]. Differentiating g(z) twice yields
It can be easily checked that
and
Differentiating g(z) four times we have
Straightforward calculation shows that
Since X (0) is normally distributed with mean zero,
The derivatives of A(z) are with respect to z.
Differentiating g(z) six times we have
. (15) It is easy to check that
iSjSkρijρikρjk .
Finally, we have
where (0) . If we multiply (10) and (17), we have (up to terms with z 6 ) the ratio of the characteristic function of X(z) to that of Y (z) given by
] is approximated by
and the density function of X(1) by
is the normal density with mean m(1) and variance v(1).
The price of a basket call is then given by
(1) = 0 has been used. The terms inside the first pair of square brackets give the price of the Levy (1992) approximation. The terms inside the second give the corrections.
Note that (25) is in closed form and very simple.
The hedging ratio of a basket call is easily shown to be given by
The price of a basket put and its hedging ratio are given below by the call-put parity,
The Efficiency of the Approximation
Before we consider the Asian options in the next subsection, we comment on the efficiency of the proposed method. It appears that to obtain c 2 ( To reduce the dimensionality of the problem, we note the following. If we definē
Therefore to obtain b 1 (1), only O(N 2 ) calculations are performed, though it appears that
Since ρ * ij is symmetric, the summations can be reduced to i ≤ j ≤ k, resulting in O(
calculations. Therefore to obtain all the coefficients, it requires O(
) calculations, which is quite manageable even for an index like S&P 500. It is worthwhile to notice that the resulting formulas are very simple and easy to implement.
Approximation for the Asian Options
where χ i is the weight of the stock price at time t i , g = r − δ, δ the dividend yield, σ the volatility, t 1 = 0 and t N = T . If we define the newS i andρ ij byS i = χ i Se 
Performance Evaluation of the Approximation
In this section we evaluate the performance of the approximate formulas just derived. Since there is no closed form formula for Asian options, we need a reliable numerical method to
give us the benchmark values. As discussed in the introduction, Zhang (2000) For continuously averaging Asian options, we consider the lognormal approximation (LN)
of Levy (1992) , the Edgeworth expansion method (EW) of Turnbull and Wakeman (1991) and Ritchken, Sankarasubramanian and Vijh (1993) , the reciprocal gamma approximation (RG)
of Milevsky and Posner (1998a) , the four moment method (FM) of Posner and Milevsky (1998) and the method of this paper (TE6) for comparisons. For the discretely averaged
Asian and basket options, we also consider the geometric conditioning approximation (GC)
of Curran (1994) . Since the Edgeworth expansion method does not appear to do better than the lognormal approximation, we only consider the latter for discrete Asian and basket options. for large volatility and long maturity options and also for basket options.
Continuously Averaging Asian Options
To test for the performance of these methods for longer maturities, we consider options with three years to maturity in Its RMSE is more than one dollar and its MAE is more than four dollars.
An important consideration for any method is how accurately it generates the hedging ratios. 
Basket (Portfolio) Options
We now consider basket options in tables 5 and 6. Each basket consists of 5 stocks, each with an initial price of 100. All the other methods have large pricing errors. The deterioration of the performances of GC and FM are noteworthy because they appear to have worked well for the Asian options when the maturity and volatility are not too large.
Concluding Remarks
We have proposed an extremely accurate analytical approximation for pricing Asian and basket options. The numerical tests in section 3 indicate that the approximate formulas can be used in most cases to achieve penny accuracy. Our method is also very easy and straightforward to implement. Lastly, we have pointed out a serious error in the literature in using the lognormal density in the Edgeworth expansion series.
One may think that the proposed method should work for the floating strike options too because the payoff function is a weighted sum of the stock prices at different time points.
However, this is not so. For fixed strike Asian options, the average A(T ) is always positive.
For floating strike ones, the random variable A(T ) − S(T ) can be negative. Therefore the density of A(T ) − S(T ) can not be approximated the same way as that of A(T ).
One potential application of the techniques developed is for expected utility calculations.
In a lot of cases the expected utility is very difficult to obtain if the individual assets in a portfolio are assumed to follow lognormal processes because high dimension integrations are involved. To avoid this difficulty, the literature has usually assumed exponential utility functions and normal distributions for the asset values. For many assets, lognormal processes are obviously better approximations. Section 3 indicates that the approximate density function developed in section 2 for the basket is very accurate for most parameters encountered in practice. Therefore in cases where the portfolio weights are all positive (for example, with short sale constraints), the approximate density can be used to obtain the expected utility either in closed form or by a one dimensional integral.
Another potential application is for portfolio risk management. Normally it is very hard to assess the probability for a portfolio to reach a certain level some time in the future because so many random variables are involved. However, section 3 indicates that the future distribution of a portfolio can be accurately approximated by a simple one variable density function. Therefore the risk characteristics of a portfolio can be easily evaluated and the portfolio weights adjusted according to the desired risk characteristics.
A potential limitation of the paper is the assumption of log-normality of the underlying process. However, we point out that log-normal process is the only one well understood by traders in the industry and still widely used by them. Even in situationss where one models the volatility smile explicitly, the formulas developed can be used as a control variate in simulations by fixing the volatility at its average value.
Appendix A This appendix provides the formulas for regular discrete Asian (equal weight and equal time interval) and continuous Asian options.
and 
With U 1 , U 2 , z 1 , z 2 and z 3 , (25) is a very simple approximation to price (regular) discrete Asian options. Note that equations (36)- (38) are not the exact expressions for z 1 , z 2 , z 3 .
The exact expressions are long and complex. We opt to report the final expressions for z 1 , , indicating that no accuracy is likely to be lost for any reasonable gN ∆ ≈ gT .
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The formulas for the continuously averaging case can be easily obtained by taking N −→ ∞ and N ∆ = T . For easy reference we report them here.
where x = gT . Note that (25) and (39)- (43) represent an extremely simple approximation for pricing continuous Asian options.
Appendix B
The numerical examples considered in the text clearly show that the Edgeworth expansion method yields completely unreliable results. In this appendix we show that Edgeworth expansion does not apply when it is used to approximate the density of the arithmetic average of a lognormal process.
The Edgeworth expansion technique amounts to approximate the ratio of the characteristic function of the random variable under consideration (F ) to that of the approximating one (B)(A.4 in Jarrow and Rudd 1982) as follows,
where E j is the coefficient for the j th term. The first few coefficients are given in (A.5) in Jarrow and Rudd (1982) in terms of the cumulants. The cumulants are given in terms of moments (see 3.39 in Kendall and Stuart 1977.) .
The essential idea is to represent e . The ratio test for convergence fails because
] cannot be approximated by its corresponding Taylor expansion representation. Unless the moments of F are related to those of B (lognormal) in such a way that the series in (44) converges, the Edgeworth expansion diverges when the approximating random variable B is lognormal. Fu, Madan and Wang (1999) and Zhang (2000), but their original article includes correction terms.
2. One may argue that it may be more appropriate to assume that the portfolio value follows a lognormal process. However, the options market indicates that the BlackScholes implied volatility curves for individual stock options are flatter than those of the index options. Therefore, the standard Black-Scholes model (1973) seems to approximate the risk-neutral processes better for individual stocks than for indexes.
3. Since z is a scaling parameter for the volatilities, this is equivalent to up to σ 5. Note that g(z) depends only on even orders of z. This is verified by direct computation.
Intuitively, g(z) must be an even function of z since the process dS/S = µdt + zσdw is statistically the same as dS/S = µdt − zσdw.
6. Note that the above equation has the same structure as the Edgeworth expansion in the appendix that the approximate charateristic function is that of the approximating variable times a polynomial of φ. However, the coefficients are different. Unlike in the Edgeworth expansion, in our approximation the coefficients for the powers of φ change if more terms of powers of z are included. Another difference is that we have considered log(A(T )) instead of A(T ). 9. We have become aware that the divergence problem with EW has been known to a number of practitioners and academics. For lack of reference, we provide a formal proof of the divergence in appendix B.
10. To reduce the simulation time, the same random numbers are used for all options.
This explains the same standard errors for the options with the same volatility. This is equivalent to starting the simulations with the same seed for the random number generator and should not affect the accuarcy of each price.
11. These weights are chosen arbitrarily. Equivalently, with equal weighting (0.2), the prices are 5, 15, 20, 25, 35, respectively . Note that more assets could be considered, but the Monte Carlo simulations for the benchmark values would take too long.
12. Mathematica is used to obtain the following formulas for the regular discrete Asian options. (90 ,0.10 ,0.2 ,0.5) 19.2149 (0.0006) 19.2149 19.2163 19.1192 19.2149 19.2136 (100 ,0.05 ,0.5 ,0.5) 17.8991 (0.0028) 17.9159 17.9022 17.1347 17.8996 17.8422 (110 ,0.10 ,0.5 ,0.5) Columns 2-7 represent the Monte Carlo simulation (standard deviation), the Taylor expansion (TE6) approach of this article, the lognormal approximation (LN) of Levy (1992) , the reciprocal gamma distribution method (RG) of Milevsky and Posner (1998a) , the fourmoment approximation (FM) of Posner and Milevsky (1998) , the geometric conditioning method (GC) of Curran (1994) , respectively. RMSE is the root of mean squared errors and MAE is the maximum absolute error. Five stocks are included in each basket, each with an initial price of 100. The weights are 0.05, 0.15, 0.2, 0.25 and 0.35, respectively . The volatilities and correlations are assumed to be the same. Columns 2-7 represent the Monte Carlo simulation (standard deviation), the Taylor expansion (TE6) approach of this article, the lognormal approximation (LN) of Levy (1992) , the reciprocal gamma distribution method (RG) of Milevsky and Posner (1998a) , the fourmoment approximation (FM) of Posner and Milevsky (1998) , the geometric conditioning method (GC) of Curran (1994) , respectively. RMSE is the root of mean squared errors and MAE is the maximum absolute error. Five stocks are included in each basket, each with an initial price of 100. The weights are 0.05, 0.15, 0.2, 0.25 and 0.35, respectively . The volatilities and correlations are assumed to be the same.
